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1. Introduction. 

Let 71, /c > 2 be positive integers. The classical Ramsey number R{n, k) is the minimum 
positive integer such that every graph on R{n, k) vertices has a complete subgraph or 
an independent set with k vertices. Up to now we only know the following exact values of 
Ramsey numbers (see [1, p. 187] and [8, p.4]): 

i2(3, 3) = 6, i?(3, 4) = 9, i?(3, 5) = 14, i?(3, 6) = 18, i?(3, 7) = 23, 
^^'^^ i?(3, 8) = 28, i?(3, 9) = 36, i?(4, 4) = 18, i?(4, 5) = 25. 

In this paper we introduce the following generalized Ramsey numbers. 

Definition 1.1. Let n,r,k,s be positive integers with n,k >2. We define the generalized 
Ramsey number R{n, r; k, s) to be the smallest positive integer p such that for every graph 
G of order p, either G contains a subgraph induced by n vertices with at most r — 1 edges, or 
the complement G of G contains a subgraph induced by k vertices with at most s — 1 edges. 

Clearly R{n, 1; /c, 1) = i?(n, k). In 1981, Bolze and Harborth [2] introduced the general- 
ized Ramsey number r^,n(s, t) = i?(m, (^)-s-M;n, -t + 1) (1 < s < C^), 1 < t < Q)). 
For some values of r„^^n(s,i), see [2,5,7]. 
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Let L be a family of forbidden graphs. As usual we use ex{p; L) to denote the maximal 
number of edges in a graph of order p excluding any graphs in L. The general Turan 's 
problem is to evaluate ex(p; L). 

For two positive integers p and /e, let pq be the least nonnegative residue of p modulo /c, 
and let 

2 J2 p2_ 



(1.2) *'W=(l-l)S^ + 



In 1941 P. Turan [11] showed that ex{p; K^) — tk-i{p) for /c > 1, where K}- is the complete 
graph with k vertices. This is now called Turan's theorem. In 1963, Dirac [4] proved a 
vast generalization of Turan's theorem, see (2.6). With the help of Dirac's generalization of 
Turan's theorem, in the paper we show that 



(1.3) i?(n,n(n- l)/2-r;/c,l) = 



max{n, k + r} if r < ^ — 1, 

max{n, 2fc - 2 + [ ^^+3^-^ ]} if r > f - 1, 



where k, n, r are positive integers with k > 2, n > 4 and r < n — 2, and [x] is the greatest 
integer not exceeding x. In the special case k — n, (1.3) is known, see [5, Theorem 4]. 

In addition to the above notation, all graphs in the paper are simple graphs, throughout 
the paper we use the following notation: 

N — the set of positive integers, {x} — the fractional part of x, V{G) — the set of vertices 
in the graph G, e{G) — the number of edges in the graph G, d{v) — the degree of the vertex 
f in a graph, r{v) — the set of those vertices adjacent to the vertex v, S{G) — the minimal 
degree of G, A(G) — the maximal degree of G, a{G) — the independence number of G, 
Cn — the cycle with n vertices, G[V] — the subgraph of G induced by the vertices in V, 
G — V — the subgraph of G obtained by deleting the vertices in V and all edges incident 
with them. 

2. Some applications of the generalization of Turan's theorem. 

Let L be a family of forbidden graphs, and let p £ N. The famous Erdos-Stone Theorem 
states that(see [1, pp.122-123]) 

(2.1) exip; L)^^(l- _ J p^ + o(p^), 

where xi^) = niin{x(G) : G e L} and x(^) is the chromatic number of G. 

Lemma 2.1. Let L be a family of forbidden graphs. Let G be a graph of order p > 2 
without any graphs in L and e{G) = ex{p; L). Then 

5{G) > ex{p; L) - ex{p - 1; L). 

Proof. Suppose that v is a vertex in G such that d{v) = 5{G). Then clearly 

ex{p; L) - 6{G) = e{G) - d{v) = e{G - v) < ex{p - 1; L), 



which yields the result. 
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Theorem 2.1. Let L be a family of forbidden graphs. Letp > 2 be a positive integer. Then 

'p ■ ex{p — 1;L)' 



ex{p; L) < 



P 



Proof. Suppose that G is a graph of order p without any graphs in L and e{G) — ex{p; L). 
Using Lemma 2.1 and Euler's theorem we see that 

p{ex{p] L) - ex{p - I; L)) < p ■ 5{G) < ^ d{v) ^ 2 e{G) = 2 ex{p\ L). 

vev{G) 



p ■ ex{p — 1; L) 



Thus, 

ex{p; L) < 

As ex{p:, L) is an integer, the result follows. 

Definition 2.1. Let n and m be two integers such that n > 1 and m > 0. A graph G is 
said to be an (n, m) graph if every induced subgraph by n vertices has at most m edges. For 
p > n we define e{n,m;p) to be the maximal number of edges in {n,m) graphs of order p. 

By Theorem 2.1, we have 

~p ■ (•{ri , m\ p — 1) " 



(2.2) 



e(n, m]p) < 



p-2 



This has been given by the author in [9] . 

Let p,m,n,r e N with p > m > n > 3 and r < (2) • Let G be an {n, r) graph of 
order p with e(G) = e{n^r]p). Then clearly G is an {m,e{n.,r;m)) graph of order p. As 
e{G) = e{n,r;p), we have 

(2.3) e{n,r;p) < e{m,e{n,r;m);p). 

In 1991, the author [9] proved that for p > n > 3, 

"(n — 2)p 



(2.4) e(n,n-2;j9) = 



n 



1 1 



and e(n,n - l;p) = ex{p; {C3, . . . ,C„}). 



The first formula in (2.4) was first proved by Gol'berg and Gurvich in [6]. Let tk{p) be 
given by (1.2), and let > 2 be the unique integer such that tk-i{n) < m < tk{n). Using 
the Erd5s-Stone Theorem, in 1991 the author proved that (see [9]) 



(2.5) 



e(n, m;p) 



k-2 



-p as p ^ +00. 



2{k-iy 

In [4] Dirac extended Turan's theorem by proving the following result (see also [9]): 
(2.6) e{n,tk-i{n);p) = tk-i{p) for p>n>k>2. 

For n > 2m > 2 it is clear that tn-mi'iT') = (2) — Thus, 



(2.7) 



e(n, iT^'iP) = tn-m{p) for p'> n > 2m > 2. 



Theorem 2.2. Let p,n,k with p > n > k, and let G be a graph of order p. If 



k 



2 



[—1+1 

then G contains a subgraph induced by n vertices with at most [f ](n — — k) — 1 edges. 
Proof. Set s = [|]. Clearly p = ks + r for some r e {0, 1, • • • , A; — 1}. Thus 
p\ ^ ^ ^ f k — 1 p^ — r^ 



2] ""^"^^ \2J k 2 2 

_p — r,p + r ._ks.p + p — ks . 

~ ~^^~k ^ ~ k ' 

Hence, if e{G) < sp - ^^^k, then e{G) < (^) - tk{p) and so e(G) = (^) - e{G) > tk{p) = 
e{n,tk{n);p) by (2.6). Therefore, G contains an induced subgraph by n vertices with at 
least tk{n) + 1 edges. Hence G contains an induced subgraph by n vertices with at most 

(2) - tk{n) - 1 edges. As (3) - tk{n) = [f ](n - ^^^k), we deduce the result. 

Corollary 2.1. Let p, n, e N with 2<k + l<n<2k and p > n. Let G be a graph of 
order p satisfying 

[kr~ — 2 

Then G contains a subgraph induced by n vertices with at most n — k — 1 edges. In particular, 
forp > n = k + 1 we have a{G) > A; + 1. 

Proof. Observe that [^] = 1 or 2 according as A; + 1 < n < 2A; or n = 2/;;. We then have 

[ — 1 -1-1 

[f ](^ ~ 2 — ^) — ^ = n' — k — 1. Now applying Theorem 2.2 we deduce the result. 

Corollary 2.2. Let G be a graph of order p > 4:. Let t be a nonnegative integer with 
t< |-3{2^}. Ife{G)<p + 2t + Q{^}, thena{G) > + 

Proof. Let r = j9 - Then r = p- - {^}) = t + 3{^} > 0. Since 

t < f - 3{£^} we have 4{^} < £^ and so 



3 



Thus [y^] = 3. Hence, 



p 



= 3(p-2[^])=3.-6(^-{^}) 
= p + 2t + 6{^}. 

Since t > > 3 - 2p we see that p> ^ + 1> [^] + 1. We also have [^] > [^^] = 
[|] > 1. Now applying the above and taking k = [2^] in Corollary 2.1 we obtain the result. 
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Theorem 2.3. Let G he a graph of order p > 4. Let t he a nonnegative integer so that 
3{^}-|<t<| + 3{^}. If 

e(G)<p-2t + 3{^} + max{t,3{^}}, 



then a{G) > [^] + 1. 
Proof. It is clear that 



rP + t 



P+t (P + t 



f-2m=p-2(S^-{^}) 



p-3[P±^]=p-3( 



3 

p + t 



i(p-2t + 6{P±^})>0, 



{^})=3{^} 



t 



and 



Thus, 



rP + t 



P + t (P + t 



p + 4t_12{2±i} 



p 



Set k= [2±*]. We see that 



< 0. 



if t>3{£±^} 



if t<3{^}. 



2 

2p-3k ■ 



2p-3(^^-{2±i})=p-t + 3{E±i} if t>3{2±£} 



P+t 



3p-6k = 3p-6{^-m^})=p-2t + 6{l^} if t<3{£j^}, 
= ,-2t + 3{^}+ma.{t,3{^}}. 



P+f+3 



+ 1 >[£+£] + 1. Now 



Since p>4 and < t < f + 3 we see that [^] > 1 and p> 3 
applying the above and Corollary 2.1 we obtain the result. 

Putting t = 0, 1, 2 in Theorem 2.3 we deduce the following corollaries. 

Corollary 2.3. Let G he a graph of order p> 9. If e{G) <p + 6{f }, then a{G) > [f] + 1. 

Corollary 2.4. Let G be a graph of order p >5. If 

p if^\p, 
e{G)<{ p + 2 z/3|p-l, 
p-1 if3\p-2, 



thena{G) > [^] + 1. 



Corollary 2.5. Let G be a graph of order p > 4. // 

{P if^\p, 
p-2 if3\p-l, 
p-1 if3\p-2, 

thena{G) > [^] + 1. 

Theorem 2.4. Let n, t G N with t < ^ + 2 and p > n + 7 — 2t. If G is a graph of order 
p and e{G) <^ + l-t, then a{G) > [^-^^] + 1- 

Proof. Set r = p - 2 [^-^ — -] . Then 

rn+4-2f 1 



r>p-2-^— ^-^-^= [ ] >0 



and 



r — p — 2 



P-[ 



n+4-2ti 



n+4-2ti 



})-{ 



P- [ 



n+4-2ti 



-j rn + 4-2t] 



Hence 



P 



|- n+4-2t i ^ 



— r 



-{ 



p-[^] 



2 I 2 



p_3(»±|=M_{!l±i=2i}) [ 



}-{ 
} 



n + 4-2t. 



n+4-2ti 



p - (n + 4 - 2t) 3 f n + 4 - 2t 
2 ^ 2 



}-{ 



[n+4^] 



So we have 



P 



= 2. 



>|+0-3.1=0. 



As 



2p- 



2x3 



p 



|- n+4-2t l _, 



2j9-3 



2 

- -fi +4-2t j 



7T+4-2f 1 



_p 3/n + 4-2t rn + 4-2t 
~ 2 ^ 2 V 3 I 3" 



{^} 



- n+4-2t j 



> 



p n + 4-2t 
p + n 



+ 3^ 



■p-[^] 



^ 3 (n + 4-2t^ 
/ ^ 2 I 3 / 



+ 2-t + 0-l, 



we see that 

rn+4-2t1 



p + n ^ ^ 2x3 
^{G) < + l-t<2p — 



P 



3 



Since [ ^~^^^^ ] > [ ^~^^ ] = [ 3p-(n+4-2t) j > 1 and p > 2[^^i=rf], by the above 
and Corollary 2.1 we deduce the result. 

3. The best lower bound for independence numbers of (n, m) graphs (m < n — 2). 

Theorem 3.1. Let m, n G N with p > n> 4 and m < ^ — 1. If G is an {n,m) graph of 
order p, then a{G) > p — m. 

Proof. We prove the theorem by induction on p. Set k = n — 1 — m. Then 3 < k + 1 < 
n <2k and so [^] = 1 or 2. Thus, if G is a graph of order n with e{G) < m, then 



e{G) <m < 



m [f]([f] + i) 



ki 



n - ^ „ -k. 



Since n > k + 1, applying Corollary 2.1 we see that a{G) >k + l = n — m. So the result 
holds for p = n. 

Now assume p > n. Let G be an (n, m) graph of order p. We assert that G has an 
isolated vertex. Otherwise, we have 



We choose [^] edges in G and consider a subgraph H induced by the [^] edges. Clearly H 
has at most n vertices and e{H) = [^] > ^ — 1 > m. This contradicts the fact that G is an 
(n, m) graph. So G has an isolated vertex. Assume that v is an isolated vertex of G and 
the result holds for all (n, m) graphs of order p — 1. By the above we have 

a{G) = 1 + a{G — v)>l+p— 1 — m — p — m. 

Hence the theorem is proved by induction. 

Remark 3.1 Let m,n E N with n > 4 and n > 2m. Let G be a graph of order n and 
e{G) < m. In August, 2008 Guo-Fei Zhou conjectured a{G) > n — m. This is now deduced 
from Theorem 3.1 by taking p = n. 

Lemma 3.1. Let n,m & N with m < n — 2. If G is an {n, m) graph of order n + 1, then 
e{G) < m + 1. 

Proof. By (2.2) we have 

, , r (n + l)e(n, m; n)n rin + l)m^ r 2m 

e n,m;n+l < ^ ' ^ ' ' ' ] = ^]=m+ 

'- n — 1 n — 1 n — 1 

As m < n - 1 we see that f^l < 2. Thus 

2m 

e{G) < e(n, m; n + 1) < m + [ -] < m + 1. 

-L 

This is the result. 



Lemma 3.2. Let p,m,n & N with p > n > m + 2. Let G he an (n, m) graph of order p. 
Then one of the components of G is a tree. 

Proof. Suppose that Gi,G2,--- ,Gr are all components of G and = pi for 

z = 1, 2, . . . , r. Then pi + • • • + Pr = p > n. Since m < n — 1 and G is an (n, m) graph, G 
cannot contain a tree on n vertices as a subgraph. As every connected graph has a spanning 
tree, we must have pi < n for all i G {1,2,..., r}. Let us choose j G {1, 2, . . . , r — 1} so 
that pi + • ■ ■ + Pj < n and pi + • ■ ■ + pj + Pj+i > n. Then clearly Gj+i has a subtree T on 

n — {pi-\ \-Pj) vertices. All the n vertices in Gi U • • • U U T induce a subgraph of G 

with at least e(Gi) H h e{Gj) + e(T) edges. If Gi, • • • , G^ are not trees, then e{Gi) > pi 

for i = 1, 2, . . . , r and so 

e(Gi) + • • • + e{Gj) + e(T) > pi + ■ ■ ■ + Pj + n - (pi H - 1 = n - 1. 

Thus, the n vertices in Gi U ■ ■ ■ U Gj U T induce a subgraph of G with at least n — 1 edges. 
This contradicts the assumption. Hence one of Gi , • • • , G^. is a tree. This proves the lemma. 

Lemma 3.3. Let T he a tree with at least 3 vertices. Then there are two vertices u and v 
in T such that a{T) > a{T - {u,v}). 

Proof. It is well known that T has a vertex u such that d{u) = 1. Let v be the unique 
vertex of G adjacent to u. Let S be an independent set of T — {u, v}. Then clearly S U {u} 
is an independent set of T. Thus a{T) > a{T — {u,v}). 

Theorem 3.2. Let p, n,t E N,2 < t < f + 2 and p > n > A. If G is an {n,n — t) graph of 
order p, then 



a{G) > 



+ 1. 



Proof. We prove the theorem by induction on p. Now suppose p = n or n+ 1. Let G be 

an (n, n — t) graph of order p. For t > A and p = n we have e(G) < n — t < + 1 — t. 
For t > A and p — n + 1, hy Lemma 3.1 we also have e(G) < n — t + 1 < + 1 —t. Thus 

r rt+4-2f i 

applying Theorem 2.4 we see that a(G) > [ — — -] + 1. For t = 3 and p G {n, n + 1} it 

is easily seen that ^2^^ ] ^ i^^l- -^^ Lemma 3.2 we have e(G) <n — t + l= p — 3for 
p = n + 1 and e(G) <n — t=p — 3 for p = n. Thus, by Corollary 2.5 we have 



a(G) > 



p + 2 



+ 1 



p-[^] 



+ 1. 



For t = 2 and p G {n, n + 1} it is easily seen that [^-^^j ~ i^^]- Lemma 3.1 we have 
e(G) < n — t + 1 = p — 2ioj:p = n+ l and e(G) <n — t = p — 2ioTp = n. Thus, by 
Corollary 2.4 we have 



a(G) > 



lP + 1- 



+ 1 



lP-[ 



n+4-2ti 



+ 1 for p > 5. 



When p = n = 4: and t = 2, we also have a{G) > 2 = [ — ] + 1. Summarizing the 

above we see that the result is true for p G {n, n + 1}. 

Now we assume p > n + 2 and the result holds for all (n, n — t) graphs with at most p — 1 
vertices. Let G be an (n, n — t) graph of order p. By Lemma 3.2, one of the components 
of G is a tree. Let T be such a tree. li T = Ki, for any vertex w in G — T we have 
a{G) = 1 + a{G - T) > 1 + a{G - {T, u}). If T ^ K2, it is clear that a{G) > a{G - T). 
If T is a tree with at least three vertices, by Lemma 3.3 there are two vertices u and v in 
T such that a{G) > a{G — {u,v}). Hence, in any cases, there are two vertices u and v in 
G so that a{G) > a{G — {u, v}). Clearly G — {u, v} is an (n, n — t) graph of order p — 2. 
Thus, by the inductive hypothesis we have 



a{G) > 1 + a{G - {u, v})>l + 



p-2-[ 



+ 1 = 



p- [ 



n+4-2f 1 



+ 1. 



So the theorem is proved by induction. 

4. Evaluation of R{n, n{n — 1) /2 — r; k,l) {r < n — 2). 

Let n, r, k be positive integers with r < (2). By Definition 1.1, R{n, n{n — l)/2 — r; /c, 1) is 
the smallest positive integer p such that for any (n, r) graph G of order p, we have a{G) > k. 

Now we are in a position to prove the following main result. 

Theorem 4.1. Let /c, n, r e N with k > 2, n > A and r < n — 2. Then 



R{n,n{n- l)/2-r;k,l) = 



max{n, k + r} 
max{n, 2A; — 2 + [ 



2r+4-n 



if r<f-l, 
]} ^/ r>f-l. 



Proof. We first assume r<^ — 1. If k + r < n, putting p = n and m = r in Theorem 
3.1 we see that a{G) > n — r > k for any graph G of order n with e{G) < r. Thus, 
R{n, (2) — r;k,l) < n and so R{n, (2) — r; /c, 1) = n = max{n. A; + r}. Now suppose 
k + r>n. Then /c > n - r > n - (f - 1) = | + 1 > r. Set G = ri^a U (/c - r - l)Ki. It 
is easily seen that G is a graph of order k + r — 1 with a{G) = k — 1. For any n vertices 
in G, the corresponding induced subgraph by the n vertices must be given by aK2 U bKi, 
where a and b are nonnegative integers such that 2a + b = n and a < r. Thus, G is an (n, r) 
graph of order k + r — 1. On the other hand, as a{G) — k — 1, G has no independent sets 
with k vertices. Hence, i?(n, n(n — l)/2 — r; fc, 1) > k + r — 1. Since A; + r > n, it follows 
from Theorem 3.1 that for any (n, r) graph G' of order k + r, a{G') > k + r — r = k. Hence 
i?(n, n{n — l)/2 — r; /c, 1) < k + r and so i2(n, n{n — 1) /2 — r; k^l) — k + r = max{n, k + r}. 

Now assume r > We first suppose r < 2n — 3k + 2. Let G be a graph of order n 
with e(G) < r. Taking p — n and t = n — r in Theorem 3.2 we see that 



a{G) > 



-n 



rn+4 — 2(n — r) i 



+ 1 



-n 



- 2r+4— rtl 



+ 1 



> 



-n — [ 



2(2n-3fe+2)+4-ni 



+ l=k. 



Thus, R{n 



n{n—l) 



' 2 
l- 
2 



— r; k, 1) < n. On the other hand, clearly R{n, 



n(n— 1) 



— r;k,l) > n — 1. 



So i?(n, "^"2 ~ ^) 1) = To see the result, we note that 



^, ^ ,2r + 4:-n. ^, ^ r2(2n - 3A; + 2) + 4 - n. 

2A; - 2 + [ ^ ] < 2A; - 2 + ^ ] = n. 

Now we suppose r > 2n — 3k + 2. In this case, we have 



2A;-2 + 



2r + 4 - n 



>2k-2 + 



2(2n-3/c + 2) + 4-n 



= n 



and 



and so 



Set 



^ 2r + 1 - n n + 1 - 2(n - r) Sk - 2 - (n - r) + 1 - 2(n - r) 

< = < 

- 3 3 3 

= k-^-{n-r)<k-\-2<k-l 



We claim that G is an (n, r) graph. Clearly any induced subgraph of G by n vertices can be 
written as xKiUyK2UzKs, where x,y,z are nonnegative integers satisfying x + 2y + 3z = n 
and z < [ ^^+3^-^ ]. Iix + y<n-r-l, then 

n + 1 — 2{n — r) r2r + 1 — n-| n — 2{x + y) + x 



> 



3 ' - 3 
n — 2{n — r — 1) n + 2 — 2(n — r) 



3 3 
This is a contradiction. Hence x + y > n — r and so 

e{xKi U j/i^2 U zKs) — y + 3z — n — {x + y) < r. 

This shows that G is an (n, r) graph. It is evident that 



a 



(G)=[?l±i^]+^-i-[Hl±l^]=;c-i 



and 



\V{G)\=3 



2r + l-n 



+ 2{k-l- 



2r + l- n 
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]) 



2A;-2 + 



2r + 1 - n 



As G has no independent sets with k vertices and G does not contain any subgraphs with 
n vertices and at least r + 1 edges, we must have 

Ji(». - r; k. l) > \V(G)\ = 2k-2+ [2^+^^]. 

On the other hand, if G is an (n, r) graph of order 2k — 2 + [ ^''"^3""' ] , by Theorem 3.2 we 

^^""^ 2k -2+ [^^^] - [ -+4-2(n-r) j 



Hence 



+ l = k. 



and so 



„/ n(n— 1) , \ ^, ^ i'Zr + 4: — ni f ^, ^ 

— - -r;k,lj =2k-2 + ^ j = maxjn, 2A; - 2 + 

Summarizing the above we prove the theorem. 
Corollary 4.1. Let k and n be positive integers with k>2 and n > 4. Then 

n if n > 3k — 4, 



n(n — l) , \ ^, ^ r2r + 4 — nn 
R(n, ^ ^ ^ -r;fe,lj <2fe-2+ [ ^ ] 



2r + 4 - n 



R(n,n(n- l)/2 - n + 2;k,l) = , , , 

^ ' ^ ^ ' ' ^ t2fc-2+[f] z/n<3/c-4. 

Proof. Putting r = n — 2 in Theorem 4.1 we obtain the result. 

Definition 4.1. Let /c, s G N with s < (2)- Let G be a graph with at least k vertices. If 
every subgraph of G induced by k vertices has at least s edges, we say that G satisfies the 
{k, s) condition. 

Lemma 4.1. Let p,n, k,r, s E N with n, k > 2, ^ < (2)7 < (2) p > max{n, k} . Let 
G be a (n, Q) — r) graph of order p satisfying the (/c, s) condition. Then for any v e V{G), 

p — R{n, r;k — l,s) < d{v) < R{n — 1, r; k, s) — 1. 

Proof. Let a; be a vertex in G such that d{x) — A(G). If A(G) > R{n — l,r;/c,s), 
then A{G) > n — 1 and there are n — 1 vertices xi, . . . ,Xn-i £ ^{x) such that e{G[{xi, 
. . . ,Xn-i}]) > ("2^) - r. As (''2^) - r + n - 1 = Q) - r, we see that e{G[{x,xi, . . . , 
x^_i}]) > (2) — r. This contradicts the assumption. Hence A(G) < R{n — l,r; k, s) and so 
d{v) < A{G) < R{n — 1, r; k,s) — 1 for any vertex v in G. 

Let y be a vertex in G such that d{y) = 5{G), and let Vy — V{G) — {y} U T{y). Then 
clearly |Fy I = p-l-d{y) = p-l-S{G).Ii 6{G) > p- R{n,r;k- 1, s), then d{v) > 5{G) > 
p — i?(n, r; — 1, s) for any v e V{G). Now assume S{G) < p — R{n, r; — 1, s) — 1. As 
i?(n, r; /c — 1, s) > A; — 1 we see that 5{G) < p — k and so \Vy\ = p — 1 — (^(C) > — 1. For 
any k — 1 vertices fi, . . . ,ffe-i in V'j^, by the assumption we have e(G[{fi, . . . ,ffe_i}]) = 
e(G'[{y, wi, . . . ,Vk-i}]) > s. As G is a (n, Q) — r) graph, we see that G[Vy] is also a 
(n, (2) — r) graph. Hence, by Definition 1.1 we have p — 1 — 5{G) < R{n,r;k — l,s). 
Therefore, for any vertex v in G, d{v) > 5{G) > p — R{n, r;k — 1, s), which completes the 
proof. 
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Theorem 4.2. Let n, r, k, s be positive integers with n,k >3. Then 

R{n, r; fc, s) < R(n — 1, r; fc, s) + i?(n, r; — 1, s). 

Moreover, the strict inequality holds when both R{n — l,r;k,s) and R{n,r; k — l, s) are even. 

Proof. Clearly i?(n — 1, r; k, s)+R{n, r; /c — 1, s) > max {n — l + n,k + k — l} > max {n, k}. 
Thus, if R{n, r; k, s) — max {n, k}, the result is true. Now assume R{n, r; A;, s) > max {n, /c}. 
By the definition of R{n, r; k, s), there is a (n, Q) — r) graph G of order i?(n, r; /c, s) — 1 
satisfying the (A;, s) condition. For any vertex v in G, by Lemma 4.1 we have 

-R(n, r; /c, s) — 1 — R{n, r; k — 1, s) < d{v) < R{n — 1, r; fc, s) — 1. 

It then follows that 

i?(n, r; A;, s) < R{n — 1, r; A;, s) + r; A; — 1, s). 

Moreover, the equality holds if and only if G is a regular graph with degree i?(n— 1, r; k, s) — l. 
If the equality holds, we must have 

2e(G) = (i?(n, r; A;, s) - l) (i?(n - 1, r; A;, s) - l) 

= {R{n - 1, r; k, s) + i?(n, r; - 1, s) - l) {R{n - 1, r; k, s)-l). 

This shows that either R{n — 1, r; A;, s) or i?(n, r; A; — 1, s) is odd. Hence, if R{n — 1, r; A;, s) 
and i?(n, r; A; — 1, s) are even, we have i?(n, r; A;, s) < -R(n — 1, r; A;, s) + -R(n, r;k — 1, s), 
which completes the proof. 

Theorem 4.2 can be viewed as a generalization of the classical inequality ([1]) R{n,k) < 
R{n - 1, A;) + R{n, k - 1) for n. A; > 3. 

References 

1. B. Bollobas, Modern Graph Theory, Springer-Ver lag, New York, 1998. 

2. R. Bolze, H. Harborth, The Ramsey number r(K4^ — x, K5), in The Theory and Applications of Graphs, 
(Kalamazoo, MI, 1980), Wiley, New York, 1981, 109-116. 

3. F. Chung, R. Graham, Erdds on Graphs: His Legacy of Unsolved Problems, A K Peters, Massachusetts, 
1999. 

4. G. Dirac, Extensions of Turan's theorem on graphs, Acta Math. Hungar. 14 (1963), 417-422. 

5. R. Faudree, H. Harborth, I. Mengersen, Ramsey numbers for graph sets versus complete graphs, Utilitas 
Math. 50 (1996), 85-95. 

6. A.I. Gol'berg, V.A. Gurvich, On the maximum number of edges for a graph with n vertices in which 
every subgraph with k vertices has at most I edges, Soviet Math. Doklady 35 (1987), 255C260. 

7. H. Harborth, Ramsey numbers for sets of five vertex graphs with fixed numbers of edges, Finite and 
Infinite Combinatorics in Sets and Logic, N.W. Sauer et. al. (eds), Kluwer Acad. Publ., Amsterdam, 
1993, pp.169-174. 

8. S.P. Radziszowski, Small Ramsey numbers. Dynamic Surveys of Electronic J. Combinatorics (2011), 
DS1.13, 84pp. 

9. Z.H.Sun, A class of problems of Tardn type (Chinese), J. Nanjing Univ. Math. Biquarterly 8 (1991), 
87-98, MR 92m:05106. 

10. Z.H.Sun, Maximum size of graphs with girth not less than a given number (Chinese), J. Nanjing Univ. 
(Special Issue) 27 (1991), 43-50,146, MR 93b:05086. 

11. P. Turan, On an extremal problem in graph theory. Mat. Fiz. Lapok 48(1941), 436-452. 

12 



